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392. 


ON THE CONICS WHICH PASS THROUGH TWO GIVEN POINTS. 
AND TOUCH TWO GIVEN LINES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. vu. (1867), 
pp. 211—219.] 


Let «=0, y=0 be the equations of the given lines; z=0 the equation of the 
line joining the given points. We may, to fix the ideas, imagine the implicit constants 
so determined that «+y4+z=0 shall be the equation of the line infinity. 


Take «—my=0, «—ny=0 as the equations of the lines which by their inter- 
section with z=0 determine the given points. The equation of the conic is 


{v (m) + (n)} v (ay) =a +y (mn) + yz, 


or, what is the same thing, 
(&— my) (x —ny) + 2 {x+ yy (mn)} y2 +y? =0, 


so that there are two distinct series of conics according as „y (mn) is taken with the 
positive or the negative sign. 


The equation of the chord of contact is 
| æ +y n (mn) +yz =0, 


which meets z=0 in the point {v+y,/(mn)=0, z=0} that is in one of the centres of 
the involution formed by the lines (æ =0, y=0), (x—my=0, «—ny=0). It is to be 
observed that the conic is only real when mn is positive, that is (the lines and points 
being each real) the two points must be situate in the same region or in opposite 
regions of the four regions formed by the two lines: there are however other real 
cases; eg. if the lines v=0, y=0 are real, but the quantities m, n are conjugate 
lmaginaries; included in this we have the circles which touch two real lines. 
6—2 
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To fix the ideas I take m and n each positive and mn>1; also I attend first 
to the series where /(mn) is taken positively. At the points where the conic meets 


infinity, we have 
{v (m) +v (n)} v (ay) =% + y v (mn)—y(e+y), 
which gives two coincident points, that is the conic is a parabola, if 
(1 — 7) {v (mn) — y} = ł {v (m) +x (n)}, 
y — y {1 +v (mn)} =} {v (m) — v (n)}, 
y=} [1 +v (mn) tv (1 +m) (1 +n)}], 


where it is to be noticed that 

y =$ [L +v (mn) +v (1 +m) (14+ n))] 
is a positive quantity greater than „/ (mn), say y= p, 

y=4 [1+7 (mn)- v (1 +m) (1 +n)}] 


is a negative quantity, say y=— q, q being positive. 


that is 


or 


The order of the lines is as shown in fig. 1, see plate facing p. 52. 
y=— œ% to y=- q, curve is ellipse; y=— q, parabola P,, 
y=-—q to p, curve is hyperbola; y=p, parabola P,, 
y=p to y=, ellipse. 

Resuming the equation 


(w— my) (æ — ny) + 2 {æ +y v (mn)} yz+ y2 = 0, 
the coefficients are 


(a, b, c, f, g, h)={1, mn, x, yv (mn), y, -$ (m+ n)}, 
and thence the inverse coefficients are 
(A, By 0; Tr i= 
[0, 0, -4 (m-n), -$y {v (m+n (nm)}, — 3y (mn) {W (m) +y (n), $ W (m) + Vv (n)}], 
K =- ły {V (m) +v (n)}$, 
or, omitting a factor, the inverse coefficients are 
(A, B, 0, F, @, H)= |0, 0, 5 fy (m) — v(m 1, v(m), = 7]. 


Considering the line 
Aa + py +vz=0, 


the coordinates of the pole of this line are 


g: a — ye +v (mn) v 
— yN T v 


: (mn) a +e +g [V (m) =y (a) 
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or (what is the same thing) introducing the arbitrary coefficient k, we have 

kx + yp — v y (mn) =0, 

ky +y -v =0, 

kz — A4 (mn) - = 5 {/ (m) — v (n)}2? v =0; 
the first two equations give 


k : y: —l=vf{u— Avy (mn)} : v{yV(mn)— a} : Aw — py, 
that is 


pa 2 {e — AN (mn)} y & TEIN) 
AG — py AL — my 


? 


or, substituting this value of y in the third equation, 


v [u — à V(mn)} z Si catia «dE NME AAO 


a — py FP ANT Go Gen) 2 


that is 
As — wy)? 3 {v (m) — v (n)}? + {x — yv (mn)} (Aw — uy) {u+ AV (mn)} 
+ z {x — y y (mn)} v [u — à y (mn)} =0, 
which is the equation of the curve, the locus of the pole of the line As + py + v2 = 0 
in regard to the conic 
(x — my) (æ — ny) +2 {a + yy (mn)} yz + y2 =0. 


In particular, if A= p =v = 1l, then for the coordinates of the centre of the conic, 
we have 


æ: y: z=—y+y (mn): —y+1: J (mn) + 1+ 5 [V (m)—V 5 
and for the locus of the centre, 
(e@— y}. $ [V (m) — V(n)}? + (a — y) {a — y v (mn)} {1 + (mn)} + z {æ — y v (mn) {1 — v (mn)} = 0, 


so that the locus is a conic, and it is obvious that this conic is a hyperbola. Putting 
for greater simplicity 


æ —y =x, 
æ—y v (mn)= Y, 
z = Z, 


the equation of the curve of centres is 
X2. 4 W (m) -v (n) + XY {1 +v (mn)} + YZ {1 — vy (mn)} = 0, 
or, writing this under the form 


YLX {1 +v (mn)} + Z {1 -y (mn)}] + } {v (m) -v (n)}? X° = 0, 
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the equation is 
YQ + 2X? =0, 
where 
X=“£-Y, 


Y= æ — yvy (mn), 


Q= raya eayp [+ (n) (@—y) + {1 — v (mn) 2]: 


these values give 

æ—y = A 

a—y y (mn) =Y, 

(1 -y (mn)} z = {V (m) — y (n)? Q+ 2 {1 +v (mn)} X, 
or, what is the same thing, 

{1 —y (mn)} «= —y (mmn) X +Y, 

{1 — y (mn)} y= -X +Y, 

{1 -y (mn)}2=2 {1+7 (mn) X + {Vv (m)—v (n)PQ, 
whence also 


{1 — y (mn)} (@t+y +2) = {1 +y (mn)} X +2Y + {v (m) — y (n)? Q, 
or the equation of the line infinity is 
{1 +y (mn)} X + 2Y + {y (m) — vy (n)}? Q =0, 


a formula which may be applied to finding the asymptotes and thence the centre of 


the conic 
YQ+X?=0. 


In fact we have identically 
{Qha + 2ky — (2k +1) 2} — (1 + 4k) (Qha — zP = 4k (æ + y + zP — 4k (1 + 4k) (kæ + yz), 
that is 
— 4k (1 + 4k) (kæ + yz) = {2kæ + 2ky — (2k + 1) z} — (1 + 4k) (2he — z} — 4k? (& +y +2), 


which, if «+y+z=0 is the equation of the line infinity, puts in evidence the 
asymptotes of the conic ka*+yz=0. Hence writing ax, By, yz in the place of a, y, z 


2 
respectively, and a7 that is, k= PY k’, we have 


-48I (1+ Y W) By (Wat + ye) = {28y Kar BY ey (28w41) ye} 


4 \ 7/2 ’ 2 “ d 
-(1+ Pry) (727 we — 42) -4 ËY k (an + By + ya”, 
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that is 
— 4B k (02 + 4Rryk’) (k'a + yz) = {2aByk'an + 2B’yk'y — (Byk + a) yz}? 
— (@ + 4B yk’) (2Byk'a — ayz} — 4k”? (ax + By +yz’, 
or, what is the same thing, 
— 46°’ (a? + 4Bryk’) (k'a + yz) = {2aBk'a + 2B*k'y — (2Byk’ + a?) 2}? 
— (a + 4Byk’) (2Bk'n — az)? — 48k” (an + By + y2, 


which, when agx + By+yz=0 is the equation of the line infinity, puts in evidence the 
asymptotes of the conic kæ + yz=0. 


Now writing X, Y, Q in the place of a, y, z; k =1, and a={1+/(mn)}, B=2, 
y= {v (m)— vy (n)}*, we have 
— 16 [{1 +  (mn)}? + 8 {v (m) — v (n)}] (YQ + X>) 
= [4 {1+ (mn)} X +8Y¥ —(4 {v (m) — v (n)? + {1 + v (mn)}) QP 
—[{1 + v (mn)}? + 8 {y (m) — v (n)}?] [4X — {1 + v (mn)} QP 
— 16 [{1 +y (mn)} X + 2V + W (m) — ov (n)}? QF, 
and the asymptotes are 
4 {1+ /(mn)} X +8Y —[4 {v (m) — vN (n) + {1 + v (mn)}?] Q 
= + V+ V (mn) +8 {V (m) — V (OP [4X — {1 + y (mn)} Q]. 


At the centre 
4 {1 + v (mn)} X +8Y — [4 {v (m) -v (n)P + {1 + v (mn)}?] Q= 0, 
AX — {1 +y (mn)} Q =0, 
but the first equation is 
{1 +v (mn)} [4X -Q {1 +v (mn)}] + 8¥ — 4 {v (m) -y (n)? Q= 0, 
so that we have 


4X ={1+/(mn)}Q, 2Y ={vV (m)- v MEPR, 
the first of these is 


2 [v im) — v (n)}? (2 — y) — {1 +v (mn)} (@— y) — (= mn) 2 = 0, 
and the two together give 
2X {y (m) — y4 (n)}? — {1 +y (mn)} Y =0, 


so that we have 
2 {y (m) — y (n)} (æ — y) — {1 + v (mn)} {a — y v (mn)} = 0, 
[{1 +y (mn)}? — 2 {y (m) — v (n)}] (@ — y) + (1 — mn) z2 =0, 


to determine the coordinates of the centre. 
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The equation of the chord of contact is 
æ+ yn (mn) + yz=0, 


which for y=1 is parallel to y=0 and for y= ųẸ (mn) is parallel to «=0. But the 
coordinates of the centre are 


æ: y:z=— y+ (mn): -qy+1: V (mn) +145 MV (m) — v (n)}?, 
which for y=1 give 
y=0, æ : z=— 1+4 (mn): y (mn) +1 +$ {Vv (m)-— v (n), =—2 +2 y (mn): 2+m+n, 
and for y= (mn) give 
æ=0, 


y : 2=1— (mn): y (mn) +14+5———~ ars 


AC y (mn) ` 


The line drawn from the fixed point on the chord of contact to the centre has for 
its equation 


5 V (an) = (a), =2—2 y (mn) : BV (mn) + TE 


æ + yn (mn) + yz=0, 


where, writing for æ, y, z the coordinates əf the centre, we have 


- y {1+ (anny) + 2y (mun) +y [V (mn) + 1-4 5 (v (m) = v o] = 
that is 
roe y {1+ (mn)} — 2 ymn) 
4 tons 5 {4/ (m) —¥ (n)}* 
or, what is the same thing, 


ay, -y {v (m) +y (n)? 
11 (m) N (F+ 2y {1+ y (mn) ’ 


and consequently y’ =y only for y=0. 
It is now easy to trace the corresponding positions of the chord of contact through 


the fixed point {æ +y xy (mn)=0, z=0}, and of the centre on the hyperbola which is 
the curve of centres: see fig. 2 in the plate facing p. 52. 


The lines OP,, OL, 0O, OP,, OX, OG, OH are positions of the chord of contact, 


and the points P., L, ©, P,, X, G, H, on the hyperbola which is the curve of centres 
are the corresponding positions of the centre. 
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Chord of Contact. Centre. 

Cr P,, at infinity on hyperbola. 

OL (z= 0). L, (¢=0, œ~ y= 0). 

00. ©, the line joining this with O being always 
behind 00. 

OPi: P,, at infinity on hyperbola. 

OX {a+ yy (mn) = 0}. X («@=0, y=0). 

OG (parallel to y=0). ` G (on line y= 0). 

OH (parallel to «=0) and so back to H (on line «=0) and so on to 

OP; Pa 


I have treated separately the case y (mn) = 1. 


Consider the conics which touch the lines y—&=0, y+a=0 and pass through 
the points 
{e=1, y=V(1-e)f, {e=1, y=-V (1-©)}. 
The equation is of the form 
y—-e2@+k(e«-—ayP=0, 
and to determine k, we have 


1-—-c?—1+k(1-—a)=0, and therefore k= A 


(1 — a) 

The equation thus becomes 

(1 — ay (y? - 2) + è (s — a} = 0, 
that is 

(1— a)? y + {c? — (1 — a)} a — 2eas+ ea = 0, 
or as this may be written 

the ninth oie Sen Gast Ca .. E a A 
(Lays e- a-a fo a EP 


Hence the nature of the conic depends on the sign of ¢—(l-— a}, viz. if this be 
positive, or a between the limits 1 +c, 1 —c, the curve is an ellipse, 


: ca 
-coordinat SARE. T 
ite &-CO ate of centre ENET A 
which is positive, 
æ-semi-axis BE A 
i ~ @&—(l—a)y’ 
Sets ca 
y-semi-axis a (= daa 


The coordinate of centre for a=1+c is =+0 (the curve being in this case a parabola 
P,) and for a=1-—c it is also =+% (the curve being in this case a parabola P,). The 
Coordinate has a minimum value corresponding to a= y (1 —c’), viz. this is = 4 {1 +4 (1-¢)}. 

Cc. VI. 7 
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Hence as (a) passes from 1+c¢ to /(1—c*), the coordinate of the centre passes 
from © to its minimum value ${1+,/(1—c*)}; in the passage we have a=1 giving 
the coordinate =1, the conic being in this case a pair of coincident lines (æ — 1} =0. 
And as (z) passes from the foregoing value ./(1—c*) to 1—e, the coordinate of the 
centre passes from the 'minimum value $ {1+./(1 —c*)} to œ. 


The curve is a hyperbola if a lies without the limits 1+c, 1—c, 


ae 
z-coordinate of centre = care ; 
which has the sign of —a, 
@-semi-axis statne) 
à (l-a - e’ 
Fiz 


y-semi-axis 


“y-a -e 
: a e 
sem1-aperture of asymptotes = tan if fı — aea ; 


which for a=l+c is =0 (parabola), but increases as 1—a increases positively or 
negatively, becoming =45° for a=+ œ (the asymptotes being in this case the pair of 
lines y? —a?=0): 

a=+0, coordinate of centre is = 0, 

Cis 1 + C, » » =O, 


so that a diminishing from œ to l+c, the coordinate of the centre moves constantly 
in the same direction from 0 to — œ, 


a= 1l —c, coordinate of centre is =— œ, 
a = 0, » » a 0, 
the hyperbola being in this case the pair of lines y?=(1—c’) æ. 

a negative, the coordinate of centre becomes positive, viz. as a passes from a=0 
to a=—/(1—c’), the coordinate of centre passes from 0 to a maximum positive value 
${1—,/(1-—c*)}, and then as a passes from —/(l1—c*?) to —o, the coordinate of 
centre diminishes from 4{1—/(1—c*)} to 0. It is to be remarked that a being 


negative, the lines y?—a*=0 are touched by the branch on the negative side of the 
origin, that is the branch not passing through the two points e=1, y= y (1 — ©). 
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